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o Chapter 2 o
I L] - L] I
" Inverse Trigonometric Functions I
| |
| |
] ]
|' Basics Concepts: Inverse Trigonometric Functions |'
| |
' 1 What is an Inverse Function? ' 1
| |
.' » A function accepts values, performs particular operations on these values, .'
1 and generates an output. The inverse function agrees with the resultant, 1
'. operates, and reaches back to the original function. '|
1 o Ify=f(x) and x=g(y) are two functions such that f (g(y)) =y and g (f(y)) =x, II
ll then fand y are said to be inverse of each other. i
1 Example: If f(x) = 2x + 5 =y, then, g(y) = (y-5)/2 = x is the inverse of f(x). II
.l « Theinverse of fis denoted by f -1 I
| |
.' Inverse Trigonometric Functions II
1 i
lI « Trigonometric functions are many-one functions but we know that inverse of II
1 function exists if the function is bijective. |
Il » Ifwe restrict the domain of trigonometric functions, then these functions II
1 become bijective and the inverse of trigonometric functions are defined 1
i within the restricted domain. II
|l « Example: y = f(x) = sin x, then its inverse is x = sin-1y. |I
i
. I Inverse Trigonometric Formulas ' i
1 i
| |
| i
] ]
| |
| |
] ]
] i
] 1
1 |
| ]
] ]
| |
| |
] ]
] ]
| ]
| |
] ]
] ]
| |
| |
] ]
] 1
1 i
| |
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] ]
] ]
| i
1 1
] : : ]
I Inverse Sine Inverse Cosine Inverse Tangent I
] ]

i 1 d i
I ™ z: I
1 3z ]
I 8 I
.I 2 y:cus"lx : y=|ﬂ|’1.lX .I
] ' X “ X ] |
R B g Bl x 3z =z
I| 2 2 ¥ T Tz .I
[ &l 21 [
| . .3; | |
1 A 1
I 24 I
] _ ) 1
| Domain: [-1, 1] Domain: [~1, 1] Domain: (==, =) i
|. Range: |- ¥ 5 Range: [0, =] Range: (-3, 7 ) II
; | ' i
1 Fig: Inverse Trigonometric Functions II
i
|I The inverse trigonometric functions are the inverse functions of the trigonometric |I
Il functions written as cos'! x, sin'! x, tan-! X, cot! %, cosec’! X, sec’! x. II
1 i
i The inverse trigonometric functions are multivalued. For example, there are |I
|' multiple values of w such that z = sinw, so sin-1z is not uniquely defined unless a I
Il principal value is defined. II
| 1
1 Such principal values are sometimes denoted with a capital letter so, for example, 1
II the principal value of the inverse sine may be variously denoted sin-!z or arcsinz. |I
| 1
II Let’s say, if y = sin x, then x = sin"1 y, similarly for other trigonometric functions. ll
1 This is one of the inverse trigonometric formulas. Now, y = sin! (x),y € [t/2, t/2] 1
Il and x € [-1,1]. II
] ]
II « Thus, sin'! x has infinitely many values for given x € [-1, 1]. 'I
1 « There is only one value among these values which lies in the interval [1/2, [
Il 1/2]. This value is called the principal value. Il
1 1
| : Domain and Range of Inverse Trigonometric Formulas I ’
1 : . |
II Function | Domain |Range | .'
i | | 1 ]
I . sin-1x [-1,1] - ' 1
i | /2,m/2] .
|' cosx [-1,1] |[O,m] |
] ]
] ]
] 1
1 i
1 1
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]
|

|

( h
tan-1x R 3 I

n/2,m/2) .l

cot-1x R (0,m) ' I
! |

R-(- [0,7]- |
sec1x 1

1) |{n/2} |

i - |

cosec-1x 11(5 n/2,1/2]- "
’ {0} L

|
]

Solved Examples |:

Ques 1: Find the exact value of each expression without a calculator, in [0,2T). i I
|

1. sin'1(—3v?2) !

2. cos1(—2v2) i

3. tanV3 II

II

Ans II
« Recall that —3v/2 is from the 30—60—90 triangle. The reference angle for sin |

and 3v2 would be 600. Because this is sine and it is negative, it must be in the |I

third or fourth quadrant. The answer is either 41/3 or 5m/3. II

« —2v/2is from an isosceles right triangle. The reference angle is then 45e, i
Because this is cosine and negative, the angle must be in either the second or i

third quadrant. The answer is either 3m/4 or 5n/4. |I

« V3is also from a 30—60—90 triangle. Tangent is V3 for the reference angle i

600. Tangent is positive in the first and third quadrants, so the answer would I.

be 1t/3 or 41/3. Il
|

Notice

how each one of these examples yields two answers. This poses a problem

when finding a singular inverse for each of the trig functions. Therefore, we need to

restric

t the domain in which the inverses can be found.

Ques 2: Find the value of tan-1(1.1106).

Ans: Let A=tan-1(1.1106)
Then, tanA = 1.1106

A =48°

tan48 = 1.1106
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] ]
| ]
| |
| |
.I [Use calculator in degree mode] '.
1 tan—11.1106=48° i
II II

1 Properties of Inverse 1
| |

| |
1 Here are the properties of the inverse trigonometric functions with proof. 1

] ]
I. Property 1 I.
] ]
.' 1. sin'l(1/x) =cosec'lx,x=>1lorx<-1 .'

1 2. cost(1l/x)=secix,x=l1lorx<-1 1
|l 3. tan!(1/x) =cotlx, x>0 'l
] i
I. Proof: sin1 (1/x) = cosec’lx, x> 1orx<-1, II
lI II

o g

i Let sin-1x=y i
| Il

] ie.x=
: i.e. X = cosecy i
II 1/ i II

T = sin

i d !
i | .

| —

] sin— )=y b

] . T I o i
I sin = —) = cosec 'z I

I :

; sin () = cosec 'z '
'. Hence, sin * % = cosec 'x where,x>1orx<-1. i
| i

| i
I Property 2 II
| i
Il 1. sinl(-x) = -sin'i(x), x€[-1,1] Il

1 2. tanl(-x) =-tan’(x), x€R 1
|l 3. cosec1(-x) = -cosec1(x), |x| =1 II
1 1
.I Proof: sin‘1(-x) = -sin‘1(x), x € [-1,1] .'

i Let, Sinl(-x) =y 1
1 |
II Then —x=siny |I

1 Il
I e

! x=-—siny .
] ]

R (Y ]
Il x=sin(—y) I
| |
] ]

] 1
1 i

| |
L T Page 4 of 20 e e
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sin~1=sin-1(sin(—y))
sin—lx=y
sin—1x=—sin-1(—x)
Hence,sin—1(—x)=—sin-1x € [-1,1]
Property 3
1. cosi(-x)=m-costx x€|[-1,1]
2. sec’l(-x) =m-secly x| =1
3. cotl(-x) =m-cotlx,x ER
Proof: cos1(-x) =m-cos1x,x €[-1,1]
Let cos—1(—x)=y
COSy=—X X=—CO0SY
x=cos(T—y)
Since, cos m—q=-—cos q
cos~l x=m—y
cos~l x=m-cos—1-X
Hence, cos—1—x=Tt-cos~1x

Solved Example

Ques 1: Prove that “sin'!(-x) = - sin'}(x), x€[-1,1]" 1

Ans: Let, sin—1(—x)=y
Then —x=siny
X=-siny

x=sin(-y)

sin—1 x=arcsin(sin(—y))
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] ]
| ]
| |
| |
l. sin~lx=y Il
| |
II sin—1x=—sin"1(—x) .I
1 ]
II Hence, sin-1(—x)=—sin-1x, x € [-1,1] 'I
] ]
Il This concludes our discussion on the topic of trigonometric inverse functions. Il
| |
II Ques 2: sin'!(cos m/3)="? Il
| |
] TY _ oin—1 1 i
|l Ans: sin—1 (COS 3 ) =8k 3 [substitute cos(mt/3)=1/2] 'l
] i
I. = 11/6 [substitute sin'! (1/2) = /6] II
| i
lI Ques 3: Find the value of sin (/4+Cos1(v2/2)). |I
| i
1 Ans: i
I 5 5 I
| (% +cost () and 4= cos? () !
| Let y=sin - II
ll Then, cosA= V2/2 i
Il Multiplying the numerator as well as denominator by V2 we get: II
1 |
| cosA=1/2 |
II A=m/4 II
1 Therefore i
II (_m_ 7 ﬂ) II
.' y=sin *4 4 Il
i y = sin (1/2) !
I hence, y=1. "
| |
L Solved Examples: Inverse Trignometric Functions i
] i
II Equations Involving Inverse Trigonometric Functions 'I
| ]
] Ex.1 Solve cos* x v3 + cos™'x = n/2. II
|
1 1
| Sol. |
] ]
| ]
1 1
] ]
| ]
| |
1 |
] ]
] 1
1 i
1 1
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] ]
] ]
| |
| |
] ]
II II
I 1 [
| 1-x* |
] 1
| |
| i
| % |
II Il
i 2 S B s 7 P
| Given cos™ x V3 + cos™'x = n/2. (1) |
Il or cos-1xV3 = m/2 - cos-1x Il
1 |
Il or cos cos-1 xV3 = cos (/2 - cos-1x) Il
] i
1 or xV3 =sin cosx or II
|
ll X%3 = sin sin™t \}1_)(2 |I
1 i
i |
ll orxv3 = v¥1-x II
1 1
.I Squaringweget3x2=1-x2 or4x2=1=x=41/2 ll
i i
II Verification : When x = 1/2 I|
i i
| L.H.S. of equation = cos1 ( 3 /2) + cos1 (1/2) =n/6 + /3 +1/2 = RH.S. of |
Il equation |I
1 i
'| When x = -1/2 II
1 |
Il L.H.S. of equation = cos ! (-3 /2) + cos! (-1/2) =m-cos1 (3 /2) + - cos- Il
' 1(1/2) ;
1 Il
.' =mn-mn/6+m-mn/3=3p/2#* RH.S. of equation i
1 1
|l ~ X = 1/2 is the only solution '.
] |
I| 52 .I
Il Ex.2 Solve for x : (tan' )2 + (cot1x)2= 8 Il
1 1
| Sol. |
] ]
] ]
| 1
] ]
] ]
| |
| i
] ]
] 1
1 |
1 1
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| |
| |
| |
1 1
| 2 |
Il We have (tan-* x)? + (cot? x)* = 5% Il
2
|I = (tan-! % 4cott x)2 - 2 tan1 %, cot-1 x = 5% .I
1 ‘2 ; _2 1
1 — l--.'Z.E.l:arrl)c:+Z(tan":':)2=5i i
i 4 2 8 I
| |
| --]I-"z 57[2 |
II = (51 —2tantx, (/2 —tantx) = T lI
rl
| 1 Y sy T s |
I = 2(tan'x) -ntan!'x B 0 I
| |
| |
1 tan'lx=-n/4,3n/4 = tan'lx=-mn/4; x=- 1
l H -1 -1 f"._?.[ T[‘l l
II 1, {neglecting tan-* x = 3x/4 as tan~' x EL 22 } II
1 i
| : . e B . i
1 Ex.3 Determine the integral values of ' k ' for which the system, (arc tan x)2 + (arc 1
.' cosy)?=m2kand tan-1x + cos-1y = 1t /2 posses solution and find all the solutions. II
| i
I Sol |
II . II
| . 7 12 I
I 0 £ (tan IX)‘,S%{ . 1
I 0<(cos'y) < o [
1 i
Il II
| 12 -1y3y2 < 5I2 I
. = (tan—x)? + (cos*x)? < y 1
| i
| II
I i )
[ h kg 2 Rk €= ol [
: ence | ™ 5 = 3 (1) i
II II
II Now put tant'x = g —-costy Il
| - |
1 : x| -+ + '
' LA T 1y = g i
] = | > —Cos"¥]| + (costy) =a*k II
I -
1 .I
I . :
o > 28 -xt+ ( —knz} =0 ol
I " ‘ i
| !
;] \
ll = rrl—ﬂ[ﬂ——kitljzﬂ Il
1 4 ; =1-24+8k=20=k=1/2.(2) 1
1 |
I From (1) and (2) k=1 o
1 |
1 |
[ 1
| |
1 1
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] ]
] ]
| |
| |
] E— _ ]
+ |I T 2 _ T 2 T / =y T
Il _:t=x“87 To_m 1.\.77[ =(1i\|,?)1orms_lv Il
! 4 4 cTY g ;
i i
1 S G B ]
II = (ﬂ«.r'7+}..:| 4 (as 0 <cos'y <1) II
| ]
II Il
O n
.l Lo antixo= o '(."7"'1_) 3 II
II Il
T f )
|I a1 [(1‘”)] I|
] 1
] i
ll = X = tan [Il—wﬁ_) % |I
i i
1 i
. 1 G. Inequations involving inverse trigonometric functions " I
1 i
lI Ex.1 Find the interval in which cos1 x > sin'1 x. |I
1 |
| Sol. I
i II
|
1 We have, cos-! x > sin-! {for cos-1 x to be real; xE [-1, 1]} |
i i
'. 2coslx>m/2 =cos1x>m/4 or cos (cos1x) < cosm/4 :|
i
1 1 Il
ll = X< 2 I
1 Il
l ,
1
b _ (_ ?l l
I xe |-V I
1 |
] ]
ll Ex.2 Find the solution set of the inequation sin-1(sin 5) > x2 - 4x 'I
] ]
1 Sol. 1
] |
1 |
1 sin-1(sin 5) > x2 - 4x = sin-1[sin(5 - 2m)] > x% - 4x II
]
| , i
1 =3 x2-4x<5-2n=>x2-4x+ (2n-5)<0 1
i ]
1 P R |
] = 2- 9-2n<x<2+y9-2n II
|
1 _ _ |
L =  xe(2-49-27,2+9-2r] o
1 |
] ]
] 1
1 |
1 1
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] ]
] ]
| |
| |
' . Summation of Series ! i
] |
II Ex.1 Sum the series, .'
] 1
| a |
| -1 -1 -1 n' ]
'l tan 1-3.4 + tan -89 + tan 7215 16 + s 18 T TErms. .l
] ]
| Sol. |
] ]
|I |l
1 T = tan™ 2("-!-1) .
" ’ 1+{(n+1)" -1}{(n+1)} '
] i
| |
1 — 2n+2 |
o 1+(nZ+2n)(n+1)? !
II II
I Ep— 2n+2 |
|I 1+n(n+2)(n=1)(n+1) II
| II
] +9 Y-
. _ tan_i{ (n+1)(n+2)-n(n+1) } "
1 1+{n(n+1) {(n+1)(n+2)} i
| II
]
II =tani(n+1)(n+2)-tan'n(n+1) II
| |
[ Putn=1,2,3,....,nand add, wegetS, =tan‘1(n+ 1) (n+ 2) - tan-1 2 I|
]
|' G 4 RS & B 4 R 'I
Il Ex.2 Sum the series to 'n' terms, 4 9 16 25 4 ... II
1 to 'n’' terms. Also show that, S =tan-13. i
| |
| Il
]
l T - tan-l ._22—.. l
I ~ n“+2n+1 |
1 .I
|
B . (n+2)-n 1
ol = N n+2) i
1 1
i ]
[ =tan-1(n+ 2) - tan-! (n) Il
|
|
|I Hence,Sn=tan1(n+2) + tan'(n+1)-(tan-11 + tan-12) |
]
|l i
1 |
] ]
] 1
] i
| |
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] ]
] ]
| |
II II
i 5 m.m _If- Sl 1+ e |
' S.= mSa=gtyT{rren (ﬁ” =tan 3 '
| ' |
i i
Il 10 10 i) II
- (Il =
. ZZtan ]I?!:_k.t .
| Ex.3 If the sum n=tm=1 : , find the value of k. |
] ]
] ]
[ Sol. 1
] ]
|I . - BT 4 10° |l
1 = than E-c-tan ;+tan ;+....._._+tan ?] now consider i
. n=1 " J l
] 1
' S o ; L J
i DtanT'— _ fanM+tan = +tan =+ +tan ! —+tan ' — i
I ne=1 3 9 1'] I
lI II
10
12
I >tan™'= _ tan™ 2 vtan' 2 ctan 2 otan 2 ctan 2 _stan = L I
i =1 n 1 2 3 4 5 10 |l
]
i 10 i
| Zian‘1ﬂ - tan‘19+tan'1ﬂ+tan'1£] : tan"'ﬁ:1 o snnnsmsmengec) + tan'1£' i
[ <" n 2 3 4 10 I
| = i
| |
II II
: 2 g ™ F i P -1 ¥ s
I S = [r1D-E % [tan‘11+ian"2j + | tan 1S +tan 13J + I
1 4 _ 2 )L 3 i
| e R - 4 1
| |
| i
I St 45t 50m II
II §=5 + 5, =, =25 = k=25 1
| i
| II
|' Formulas: Inverse Trigonometric Functions I
] ]
II GENERAL DEFINITION(S): 1.sin"1x, cos~1x, tan-1 x etc. denote angles or I.
1 real numbers whose sine is X, whose cosine is x and whose tangent is x, provided II
Il that the answers given are numerically smallest available. These are also written as 1
.I arc sinx, arc cosx etc. .l
I . . . : !
1 If there are two angles one positive & the other negative having same numerical i
II value, then positive angle should be taken. .'
] ]
| ]
1 II
]
Il 2. PRINCIPAL VALUES AND DOMAINS OF INVERSE CIRCULAR FUNCTIONS : |l
| i
] ]
] 1
1 |
| |
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] ]
] ]
| |
| |
i ; ; ~Seys<3 . i
1 (i) y=sin-1xwhere—1<x<1; 2 2 andsiny=x. 1
| |
Il (ii)y=cos 1xwhere—-1<x<1;0<y<mandcosy=x. .I
| |
| i PN A
Il (iii)y =tan-1x where x €R; 2 2 and tany =x. Il
| ~Eeyeld |
I| (iv) y = cosec-'x where x<—1lor x=>1; 2 2 y#0andcosecy =X I|
|I (vV)y=sec1Xx where x<—-1orx=1; 0<y<m; y#*m/2andsecy=Xx. |I
] 1
'. (vi)y =cot-1x where x€ER, 0<y<m and coty =x. :|
|
II NOTE THAT : (a) 1st quadrant is common to all the inverse functions. |I
| |
.l (b) 3rd quadrant is not used in inverse functions. II
| |
.' (c) 4th quadrantis used in the CLOCKWISE DIRECTION ie.—m/2 <y <0. II
| i
| II
|
| |
Il 3. PROPERTIES OF INVERSE CIRCULAR FUNCTIONS: II
| |
| P-1(i) sin(sin-1x)=x, —1<x<1 |I
]
l| (i) cos (cos1x)=x, —1<x<1 :|
]
.' (iii) tan (tan~1x) =x, x€R |I
| |
I| £ i ; . |l
. (iv) sin~! (sinx) =%, 2 2 I|
|
|l (v)cos~1 (cosx) =x ; 0<x<m II
] |
1 X e .'
.l (vi) tan-1 (tanx) =x ; 2 2 i
| |
i P-2 (i) cosec-1x=sin"1(1/x);x< -1, x>1 i
] ]
II (i) sec-lx=cos 1(1/x);x<-1, x=>1 II
] ]
I| (iii) cot'x=tan"1(1/x);x>0=m+tan"1(1/x);x<0 II
| i
] ]
] 1
] i
1 1
e e = = Pagei120f20 CEE I S
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] Il
|l |
| II
.I P=3 (i) sin-1(—x)=—sin"1x,-1<x<1 |l
I |
|' (i) tan-1(—x) = —tan-1x,x€ER '.
i |
II (iii) cos~1 (—x) =m —cos~1x,—-1<x<1 .I
|
Il (iv) cot-1 (=x) =m —cot-1x,x ER Il
|
|
i P—4 (i) sin-1x+cos-1x=m/2 -1<x<1 II
! |
II (ii)tan-1x + cot-1x=n/2xE€R I|
| 1
|l (iii) cosec~lx+sec-lx=7/2 |x| =1 |I
l i
I a1 24 |
lI P-5tan-1x +tan-ly = ~XY wherex>0,y>0&xy<1 i
i
ll X +Y II
II =T+ tan-1 - X¥ where x>0, y>0&xy>1 |I
I ' i
] n_; X-¥ |
'. tan-1x —tan-ly = 1+Xxy wherex>0, y>0 I|
I i
[ | '
1 [x\,i—yz+y4[—x2_‘ , , Il
Il P—6 (i) sin-1x + sin~!1y = sin—! wherex>0,y>0& (x2+y?) < I|
1 1 "
i |
|l Notethat:x2+y2<1=0<sin"lx+sin"ly<m/2 |I
; 1
I \’ 1 A i
) Xyl—y +y\f[ X
|l (ii) sin-1x+sin-1y=n—sm-1[ ]wherexzo,yzo &x2+y2>1 |l
1 |
I. Notethat:x2+y2>1=mn/2<sin"lx+sin-ly<mn I|
' ]
i |
w2 w2
:I (iii) sin-lx—sin-lyzsin-llx\!l y wal E therex>0,y>0 .l
|
' x? f1—v? |
2 2
I| (iv) cos—1x + cos—1y = cos—1 lxy F ARy I where x>0, y=>0 .I
! ]
Il [x+y+z—xyz] |
1 P-71If tan-lx+tan-ly+tan-1z= tan-1l1-*y-¥z2-zx] if x> 0,y > 0,z > 0 & Xy II
'. +yz+2x<1 I|
' |
0 ]
' 1
' |
' |
I ] - I
I e = = Page130f20 = = = = = = m m - - -
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] ]
] ]
| |
| |
.I Note: (i) If tan-!x+tan-ly+tan-1z= mthen x+y+z=xyz '.
] |
.' (i) If tan-1x+tanly+tan-lz=mn/2 then xy+yz+zx=1 .'
] 1
II L S 1-x* gl 2% 'I
| P-82tan-1x = sin-11+x I+ x? 1-x* Note very carefully that : |
Il Il
.I 2tan~'x if [x|<1 i . II
I .1 2x i . _ p1-x2 2tan~'x  if x20
sin - = |T—2tan” X if x>1 cos” 7 = a4 . 1
| 1+x -(x+2tm’1 if - 1+x —2tan” x if x<0 1
1 a x) X < 1
] ]
] 1
' . 2tan”'x if [x|<1 g i
II tan~! : fxxz = | m2tan'x  if x<-1 I.
1 \ —{r:—Ztan_lx] if x>1 I q
i Il
|: REMEMBER THAT : (i) sin-1x+sin“ly+sin-lz=3n/2=>x=y=z=1 |I
:I (ii) cos 1x+cosly+coslz=3n=>2x=y=z=-1 :|
|I 1itant 12 |I
" (iii)tan-11 +tan-12 + tan-1 3 =mand tan-1 1 + tan-1 2 372 I
1 i
1 i
i II
]
l' INVERSE TRIGONOMETRIC FUNCTIONS II
1 |
II SOME USEFUL GRAPHS II
1 i
| |:__§§_ _‘5:| Il
|' l.y=sin"1x,|x|<1,yel % ? i
1 1
1 YA e - i
=arc 8inx
" ita y=X o
.' 1 y=8inx .I
] 1
II -n/2 -1 % II
>
1 0 1 =2 |
1 Il
I .
. y=sinx -1 II
]
= —n/2
Il Y™X y=arc sinx .'
| i
] ]
] 1
1 i
1 1
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]
]
. i
: 1
I |
I i
i 1
l 1
I ]
II 2.y =cos71x, x| <1,y €0, | |
|
| . 1
; y=arccosx |° ;
] 7 _ l
] y=Xx !
I 1
] /2 !
1 ‘ l
I 1 !
] o2 T - I
| \ % !
I -1 0 1 .
. i
Il -1 A l|
1 y=x y=COS l
I |
: i
l i
: i
. I I. I
I i __1_] |
" 3.y=tan"1x,X€R, [ 3 2 |I
.l Y8 y=tanx :I
l ‘J'[‘-
| y=x I
I i
; £ |
I| " y=arc tan X |I
] o I
1 w2 T :
l i
' i
. i
l i
. i
. r \ - l
j i
l 1
I |
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